The general solution is obtained for the index of refraction of a variable-index, spherical lens which will form perfect geometrical images of the points of two given concentric spheres on each other. One conjugate sphere is assumed to be outside the lens or at its surface, while the other may be either inside, outside or at the surface. If one of the spheres is of infinite radius, the lens will focus a parallel beam perfectly at ;, point on the other sphere.
The general solution is obtained for the index of refraction of a variable-index, spherical lens which will form perfect geometrical images of the points of two given concentric spheres on each other. One conjugate sphere is assumed to be outside the lens or at its surface, while the other may be either inside, outside or at the surface. If one of the spheres is of infinite radius, the lens will focus a parallel beam perfectly at ;, point on the other sphere.
It is shown that the in?ex of ~efraction may be specified arbitrarily, subject to two simple conditions, in an outer shell of any deSired thickness less than the radius of the lens. The index of the central portion is then expressed in terms of a function which is tabulated, and of an integral involving the index of the outer shell. Some properties of the general solution are discussed, and various special solutions are derived.
I. INTRODUCTION AND SUMMARY

A LUNEBERG lens
l is a variable-index, spherically symmetric refracting structure which will form perfect geometrical images of two given concentric spheres on each other. If one of the spheres is of infinite radius, the lens will focus a parallel beam of rays from any direction exactly at a point on the other sphere, or will form a perfectly parallel beam out of rays from a point source on the focal sphere. Recently considerable interest 2 -S has developed in microwave applications of Luneberg lenses, because of their obvious advantages as wide-angle scanners, and because of the possibility of simulating a variable index of refraction at microwave frequencies by means of artificial dielectrics.
The perfect focusing property of the Luneberg lens may be achieved in an infinite number of ways. Luneberg l found a particular solution for the index of refraction of a lens which has as conjugate foci two given points outside the lens. His solution takes a simple, explicit form if one of the points is at infinity and the other is at the surface of the lens. Subsequently Brown 2 and Gutman 3 have designed lenses with one focal point at infinity and the other inside the lens. None of these solutions is unique; and it turns out that in general, for arbitrarily chosen focal distances, the expression for the index of refraction involves functions defined by definite integrals, which have to be evaluated numerically.
The present paper derives the general expression for the index of refraction of a lens which will focus between two given conjugate points. One of the foci is taken to be outside the lens or at its surface; the other may be outside, inside, or at the surface. The only restriction on the solution is that the full aperture of the lens must be utilized; e.g., if it is desired to produce a parallel beam from a point source, the diameter of the beam must be equal to the diameter of the lens.
It is shown that the index of refraction may be specified arbitrarily, subject to two conditions, in an outer shell of any desired thickness less than the radius of the lens. The index of the central portion is then expressed in terms of a function which is tabulated in the appendix, and of an integral involving the index of the outer shell. The integration can sometimes be carried out explicitly, or it can be done numerically for any particular choice of index of the outer shell.
The paths of light rays in a radially symmetric refracting medium are discussed in Sec. II, and an integral equation is formulated which must be satisfied by the index of refraction of a Luneberg lens. A formal solution of the integral equation is obtained in Sec. III for a lens with two external foci, and in Sec. IV for a lens with one external and one internal focus. It is shown that if one wishes to design a lens, with two given external foci, in which the maximum index of refraction is as small as possible, the best design is the original Luneberg one. If on the other hand the criterion is that the variation in index shall be small, one can reduce the difference between maximum and minimum values appreciably by adjusting the index of the outer shell, at the expense of a very modest increase in the maximum index.
A simple relationship is derived in Sec. V between the illumination across the aperture of a large Luneberg lens antenna and the power pattern of a feed horn at the focal point. The result is independent of the particular distribution of index of refraction by which the perfect focusing property of the lens is achieved.
In Sec. VI the general theory is used to obtain various special solutions. In particular, the family of Luneberg lenses in which the index of refraction of the outer shell varies as any power of the radius is worked out completely in terms of the function tabulated in the appendix. A few illustrative numerical examples are given in Sec. VII.
II. MATHEMATICAL FORMULATION
Consider a medium in which the index of refraction n is a function only of the distance r from the origin. It 1358 follows from Fermat's principle that light rays in such a medium are plane curves which satisfy a generalization of Snell's law, namely
where !p denotes the angle from the positive direction along the ray to the direction of increasing 1', and K is constant for a particular ray. This relationship is equivalent to the differential equation
where (1',0) are polar coordinates of points along the ray. Solving (2) for d(}/dr and integrating, we get
assuming that nCr) is a known function of r. The constant K and the ambiguous sign are determined by the direction of the ray at the initial point (1'0,00).
Since in the theory of radially symmetric media the index of refraction often occurs in the combination rn, it is convenient to introduce the notation
The medium is then equally well specified by the function per) or by the function nCr). A point at which the distance of a particular ray from the origin is a maximum or minimum is called a "turning point" of the ray, and the coordinates of the turning point are denoted by (1'*,0*). Of course 1'* and 0* a're functions of the parameter K which characterizes the various rays. If nCr) is a continuous function, then t " !p=±'11/2 at a turning point, and r* is a root of the equation
If p(r)-IKI changes sign at a discontinuity of n, then r* is set equal to the value of r at the discontinuity, and the sign of d(} / dr is reversed. This corresponds to total reflection in the optically denser medium at a dense-torare transition. In any case, 0* is obtained by setting the upper limit of the integral in (3) equal to r*. We ignore the possibility that for some values of K the integral for 0* may not converge, since any function nCr) for which it does not converge cannot satisfy the integral equation of the Luneberg lens. In designing a Luneberg lens, we may without loss of generality take the radius of the lens as unity, making r a dimensionless variable, and the index of refraction of the external medium as unity. Within the lens, on the interval O~r~l, we assume that n(1!) is a strictly positive, piecewise continuous function (at most a finite number of ordinary discontinuities). The function per) is then equal to r for r> 1, and is piecewise continuous on the interval 0~r~1, with the same points of discontinuity as n. It is strictly positive except at r=O, where it vanishes. A possible mode of behavior of per) might be as sketched in Fig. 1 .
Consider now a Luneberg lens with two external foci, as shown schematically in Fig. 2(a) . Suppose that rays originating from the object point (ro,'II'") are to pass after refraction through the image point (r1,0), where ro and r} are not less than unity. If a is the angle from the axis to the initial direction of a given ray, then K=ro sina.
Since the radius of the lens is unity, it is easy to see that rays which meet the lens must have 0~1(:::;1. Along a typical ray which starts from (ro,1I") with (J and r both decreasing, the coordinate r continues to decrease until it first reaches a value r* for which p=K, or a discontinuity with P<K on the other side. To be precise, we define r*(K) in either case as the least upper bound of the set of r's for which per) <K. Note that r*(K) is a nondecreasing function of K, though it may have discontinuities and also intervals of constancy. Beyond the turning point r* the value of r increases with decreasing (J, and as the ray encounters no further turning points, it finally emerges from the lens and goes off to infinity. The situation for a particular value of K is indicated in Fig. 1 .
The condition that every ray which starts from (rO,1I"), and meets the lens, is refracted so as to pass through (r1,0), may be written, using (3), in the form
The integral must be written in two parts because the ambiguous sign in (3) changes as the ray passes through the point (r*,O*). Integrating separately over the portions of path inside and outside the sphere and rearranging, we obtain the integral equation
and the inverse trigonometric functions are in the first quadrant.
This derivation does not consider rays which completely enciocle the origin. 7 If each ray reaches the second focus after making N circuits of the origin, then a term N1I" must be added to the right side of (8). If all rays make the same number of circuits, Eq. (8) may be solved by the method of Sec. III; but the index of refraction becomes infinite at the center of the lens when N>O. If we assume that some but not all rays make complete circuits, the right side of (8) becomes dis~ontinuous in such a way that the equation has no solution.
The treatment of a Luneberg lens with one external and one internal focus is quite similar to the preceding. If the index of refraction is to remain finite everywhere, the focal points must lie on opposite sides of the center 7 R. Stettler, Optik 12, 529 (1955).
of the lens, so the configuration is as sketched in Fig.  2(b) , withro~l andrl<1. The condition that a typical ray starting from (ro,1I") must pass through (rhO) takes the form
where it must be assumed (see Sec. IV) that the minimum radial distance r* is less than the focal distance r1. On rearrangement, (10) becomes the fundamental integral equation for the Luneberg lens with one external and one internal focus, namely, (11) (12) Ill. LENSES WITH TWO EXTERNAL FOCI In this section we shall obtain the general solution of the integral equation (8) for a Luneberg lens with two external foci. We begin by discussing some general properties of the class of functions pCr) which can satisfy (8).
Our first observation is that the index of refraction nl at the lens surface cannot be less than unity if the full aperture of the lens is to be utilized. The reason for this is that a marginal ray which passes through the image point must be tangent to the lens in the external medium, and if nl<l such a ray would have been totally reflected before it ever entered the lens. It is easy to show that if a lens of unit radius, having nl~ 1, is to form a parallel beam from a point source, the radius of the beam will be just equal to nl. Hence for a full-aperture beam the function per) cannot be less than unity at the surface.
On the other hand, pC') may certainly be greater. than unity in the outer part of the lens. Suppose that (13) for a~r~l, where a>O is the least upper bound of the values of r for which per) <1. The value of a is indicated in Fig. 1 for the particular variation of p shown there; it is evidently the distance of closest approach to the origin for the marginal ray. We shall see later what restrictions must he put on a and the function per) in order that Eq. (8) may possess a solution.
Assuming that the function per) is given in a~r~l, the function per) still has to be determined in O~r::;;a. Eq. (8) may now be written
where j(K) is given by (9) and P(K) is defined as
which will be a known function if per) is known. One can show in general that the solution of (14), if it exists, is a continuous, strictly increasing function of r, with p(O) =0 and p(a-O) = 1. This means that per) can have no discontinuities, no maxima or minima, and no intervals of constancy in O<r<a.
To show that a discontinuity at r=R with p(R-O» p(R+O) is impossible (e.g., the left-hand discontinuity in Fig. 1 ), we observe that if such a discontinuity occurs at r=R, then the turning radius r*(K) is discontinuous at K=p(R+O). We may assume that p(R+O) <1, because otherwise per) must exhibit inadmissible behavior somewhere in the range R<r<a. Now the integrand in (8) is a positive function of rand a continuous function of K, so the value of the integral changes discontinuously as a function of K when the lower limit does. But j(K) is a continuous function of K in O~K~1; so the assumed discontinuity in per) cannot occur. An exactly similar argument eliminates the possibility that per) might have a local minimum or an interval of constancy in the range O<r<a.
If per) has a discontinuity at r=R with p(R-O)<p(R+O) (e.g., the middle discontinuity in Fig. 1 
), then by the definition of r*(K) we have r*(K) =R in the finite interval p(R-O) <K<p(R+O).
The integral in (8) is obviously an increasing function of K if the limits are constant. But the right-hand side of (8) is easily shown by differentiation to be a decreasing function. Hence this type of discontinuity in per) is ruled out. The same argument applies if p(a-O)<1; hence we conclude that p(a-O) =1. That p(O) =0 follows from the definition of per) as rn(r) and the assumed boundedness of nCr).
Finally it follows from the definition of a that p(r)<1 for r slightly less than a, so per) cannot have a local maximum in O<r<a unless it also has a local minimum or a discontinuity in this range.
We now proceed to solve Eq. (14) on the assumption that per) is a continuous, strictly increasing function. Subsequently we shall establish a necessary and sufficient condition on per) in order that this may be true.
If p(r) is a continuous, strictly increasing function of r in the range O<r<a, then rep) is a continuous, strictly increasing function of p in the range O~p~ 1, and we may write logr= -g(p) , dr/r= -g'(p)dp,
so that (14) becomes
A simple change of variable reduces (17) to Abel's integral equation, the solution of which is known to exist under very general conditions. 8 The formal solution of (17) may be obtained directly, however, after replacing the dummy variable on the left by u, by multiplying both sides by dK/(K 2 -p2)i and integrating from p to 1. Interchanging the order of integration on the left, we obtain (18) or, in terms of r,
Following Luneberg,1 we introduce the function
The function expw (p,s) , which is what actually appears in the expression for the index of refraction, is tabulated in the appendix for 0~p~1, 1~s~2. Note in particular the values
Combining (9) and (20), we now have
where use has been made of the result 1 which must in general be evaluated by numerical integration after Per) is specified.
Substituting (22) and (24) into (19) gives the index of refraction as a function of radius via the parametric equations
where the parameter p runs from ° to 1. Taking a = 1,
in which the index of refraction nL(r) decreases steadily from its value at the center of the lens to unity at the surface. If 1'0= 1 and 1' 1 = 00, then using the last two of Eqs. (21) it is easy to show that
In the presence of an outer shell with P(r»l, the function Q(p) defined by (24) satisfies the inequality
a 2 r and so, comparing (25) with (26), (29) where nL is the Luneberg value. The comparison is for the same value of p, not the same value of l' unless 1'=0. But we can conclude from (29) that the index of refraction at the center of the lens is increased by the presence of the outer shell. Since the maximum index in the original Luneberg solution occurs at the center, it follows that this solution requires the smallest maximum index of refraction of any lens with the same two external foci.
All that remains to do is to find out for what functions
Per) a solution of the integral equation actually exists.
A necessary and sufficient condition is that the formal solution per) given by (16) and (18) must satisfy dp/dr> 0, O<p<1.
We have from (16), dp 1 -= ---, dr rdg/dp
and from (18),
Hence the condition (30) reduces to
The integrand of the second term in (33) is always positive, as may be verified by substituting for J(K) from (9) and for F(K) from (15), and differentiating with respect to K under the sign of integration. But for p near 1, the first term in (33) is dominant, and so the whole expression will always be positive if and only if the numerator of the first term is not negative, that is, if
This is the sought-for condition on Per). Among other things, the condition implies that Per) can be equal to unity only on a set of points of measure zero. The physical interpretation of (34) is that a grazing ray from the object point at ro must not be refracted by the outer shell through an angle so great that it cannot reach the image point at 1'1. In summary, to obtain the general solution of the Luneberg problem for a lens with two external foci, one specifies the index of refraction arbitrarily in any desired outer shell, subject only to the pair of conditions (13) and (34). The index in the inner region is then determined uniquely by the parametric equations (25).
IV. LENSES WITH ONE EXTERNAL AND ONE INTERNAL FOCUS
The index of refraction of a lens with one external and one internal focus satisfies the integral equation (11), with right-hand side (12). The general solution for this case is very similar to that given in the preceding section for lenses with two external foci.
It is obvious that if the full aperture of the lens is to be utilized, then we must havep(r)~l in the interval r1~ r~ 1. Otherwise a grazing ray from the external focus at ro would have a turning radius r*> r1, and could never reach the focal point at The necessary and sufficient condition for the existence of a solution of (36) is found to be
Again this means that a grazing ray from the focus at 1'0 must not be refracted through so great an angle that it never reaches the focus at 1'1.
In a practical Luneberg lens one usually wishes to keep the index of refraction as low as possible. In general the value of n required by (38) is minimized by maximizing the function a expQ(p). To attain the smallest maximum index of refraction for given values of 1'0 and 1'1, one takes a=rt, and then adjusts Per) in the range 1'1:::; 1' :::; 1 subject to the condition (40).
It is not difficult to determine Per) to minimize the index at the center of the lens. One has merely to maximize Q(O), as given by (39), under the subsidiar'y condition (40). This problem is solved (the proof IS straightforward and will be omitted) by setting Per) equal to the constant value which satisfies the equality sign in (40). Denoting and for the function Q(p) to be substituted into (38),
The lens just designed will have discontinuities in index, and hence some reflection of energy, at the surfaces r= 1 and 1'=1'1. Depending upon 1'0 and 1'1, the maximum index may occur at the center of the lens, in which case the lens has the smallest possible maximum index of refraction for the given focal distances. On the other hand, the maximum index may occur at the inner surface of the outer shell, which implies that the maximum could be lowered still further by a different design. An example is discussed in Sec. VII.
V. APERTURE ILLUMINATION OF LUNEBERG LENS ANTENNAS
A Luneberg lens which is to be used as a microwave antenna always has one focal point at infinity. Because of diffraction effects, the radiation pattern of the antenna will have a main lobe of finite angular width, depending among other things upon the ratio of antenna aperture to wavelength, and also various minor lobes. In order to control the side-lobe level, one ordinarily wants to taper the illumination across the lens aperture in a more or less definite way.
It is possible to derive a simple relationship between the illumination across the aperture of a large Luneberg lens antenna and the power pattern of a feed horn placed at the focal point. The result is the same (barring reflections at possible discontinuities in index) for all lenses having the same ratio of lens radius to focal distance. If the focus is inside the lens, the result also depends on the index of refraction at the focal point.
A Luneberg lens antenna with external focus (ro~ 1) is shown schematically in Fig. 3 . If a is the angle which a typical ray makes with the axis at the source, and if; is the angle from a typical radius l' to the same ray in the exit beam, then from Eq. (1), ro sina=r sinif;=R,
where R is the distance of the exit ray from the axis. We now regard the feed horn as a point source which radiates an amount of power P,(a,cp) per unit solid angle in the direction (a,cp) , where a is the angle measured from the axis and cp is the aximuth angle. Neglecting reflections and absorption in the lens, and denoting the power flow per unit area of the aperture by Pa(R,cp), we get by conservation of energy
Pa(R,cp)RdRdcp=P/(a,cp) sinadadcp, (45)
or finally, using (44) to express everything in terms of R,
This is the desired relationship between the aperture illumination and the feed pattern.
The derivation for a lens with internal focus (1'0< 1) is entirely similar. We obtain, in place of (46), Here nero) is the index of refraction at the focal point. If n(r) is discontinuous at 1'=1'0, we must take the "inner" value n(ro-O). The condition that the full aperture of the lens is to be utilized insures that ron(ro)~1.
The factor multiplying P / in (46) is a maximum at the edge of the beam, where R = 1. If the feed is at the surface of the lens (1'0= 1), then the intensity at the edge of the aperture is infinite according to geometrical optics, unless the feed pattern P,(a,cp) is zero at a=90°. If the focal point is offset from the surface, then the intensity at the edge of the aperture is finite, but there is still more or less of an edge-brightening effect. Similarly (47) yields an infinite or a finite result for R = 1, accordingly
Clearly the preceding derivation takes no account of diffraction or reflection. The geometrical optics approximation, neglecting diffraction, should be reasonably good if the lens is many wavelengths across. The energy loss because of reflections can be included without much difficulty if there are discontinuities in index at the surface of the lens or elsewhere. The transmission coefficient at a discontinuity will be a function of the angle a and to a certain extent a function of the polarization, but it will be nearly unity over most of the range of a in all practical cases.
VI. PARTICULAR SOLUTIONS
With a little ingenuity, various classes of functions P(r) can be found for which the integration necessary to evaluate O(p) can be carried out in terms of tabulated functions. Three examples will be discussed.
Index a Power of Radius in Outer Shell
Suppose that
for O<a~r~ 1, where m~O, and A is a positive constant large enough to make P(r)~1 in the interval of definition. (The case m=O, P=constant is elementary. An example was given in Sec. IV.) For a lens with two external foci, we have from (15), (49) where na+ is the index of refraction at r=a+O, and nl is the index at 1'=1-0. Hence, from (20) and (24),
The index n is given as a function of l' in the range
O~r~a by the parametric equations (25). Similar results may be obtained for a lens with one external and one internal focus from Eqs. (37)- (39). Some practical interest attaches to a lens with an outer shell in which the index of refraction is constant. Consider such a lens with two external foci. If the index of refraction is to be continuous at the transition radius r=a, then in the outer shell a~r~l,
The relationship between nand l' in the region O~ r~ a is given by Eqs. (25) and (50), with m=1. The maximum index nl which may be employed in the outer shell in this case is bbtained from (34), which now reads
If one focal distance, say 1'1, is infinite, this may be reduced to (53) For a lens with one external and one internal focus and a homogeneous outer shell, one must take, for rl~r~ 1, P(r) =1 '/1'1, n=l/rl, (54) assuming that the index of refraction is to be continuous at 1'=1'1. In the inner region O~r~rl, the index is given by
The condition (40) that this actually be a solution of the problem is always satisfied if ro~l, 1'1<1.
Brown's Solution
For a Luneberg lens with one external and one internal focus, Brown 2 proposed to take
where 'Y is a positive constant. This choice of Per) makes nCr) continuous at 1'=1 and 1'=1'1. The condition It is evident that a similar expression for Per) may be used, if desired, in a lens with two external foci. This result is to be substituted into the parametric equations (38). If 1'0= 00, the parameter p may be eliminated and we obtain the expression (59) for nCr). Gutman's solution cannot be adapted to a lens with two external foci, because in view of (61) In the Luneberg solution, the index of refraction decreases from 1.360 at the center of the lens to 1 at the surface. The introduction of a homogeneous outer shell of index 1.15 raises the index at the center only to 1.403, and thus appreciably decreases the range of variation of n. For this particular lens we could according to (53) have used an outer shell with nl as high as 1.188, in which case the center value would have been 1.419.
Gutman's Solution
The third example, in which n = 1.6r in the outer shell, is largely of academic interest. It represents a lens which does not have its maximum index at the center.
Calculations have also been made for lenses having one external and one internal focus, with 1'0= 00 and 1' 1 = 0.5. The three examples chosen were The minimum-index solution was computed from Eqs. (42) and (43) of Sec. IV. The index decreases from 2.192 at the center to a value very slightly less than 2 at a radius very slightly less than 0.5. It is equal to 2 at 1'=0.5-0, then jumps to 2.186 at 1'=0.5+0, and decreases to 1.093 at ,=1. Since the maximum index shell. A disadvantage of this lens is that the large occurs at the center, this lens really does have the discontinuity in index at the surface is likely to cause smallest maximum index of any lens with '0= 00, troublesome reflections. '1 =0.5. If, however, '0= 00 and '1 is less than about APPENDIX 0.497, the maximum index for this design occurs at the inner surface of the outer shell, and other solutions Table of the Function expw(p,s) provide lenses with a smaller maximum index.
The function expw(p,s) is given in Table I to five The index required by Gutman's solution (59) decreases steadily from 2.236 at the center of the lens decimal places over the ranges to unity at the surface. Brown's solution, given by p=0.00(0.05)0.90(O.01)1.00, Eqs. (56) and (58) with ,),=8, is plotted in his paper.3 s = 1.00(0.05)2.00. It has not been included in Fig. 5 
